Asymptotic expansions as E -+ 0+ or x -+ co for fundamental systems of solutions for E%"(X) -p(x) u(x) = 0 were obtained by Evgrafov and Fedoryuk on unbounded canonical domains with neighborhoods deleted around turning points. When p(x) is a polynomial, lateral connection formulas were found by Evgrafov and Fedoryuk, and Leung for two fundamental systems of solutions with known expansions in the interior of two different unbounded overlapping canonical regions with common first or second order turning point at their boundaries. In this paper, lateral connection formulas are found when the turning points are of any higher order. Recent result of uniform simplification by Sibuya around higher order turning point is used. This paper finds such a relationship-connection formulas-when the polynomial p(x) has a zero of any order. A result more general than given in 
Subsequently, "lateral connection" formulas are found. The principal results are Theorem 5.1, Corollary 5.1 and Theorem 6.1.
DOUBLY ASYMPTOTIC SOLUTIONS IN UNBOUNDED DOMAINS
Consider the differential equation A canonical domain on the x-plane is a domain which is bounded by Stokes curves containing no turning points, i.e., zeros of p(x), in its interior, and which is mapped by the function (2.2) onto the whole f-plane cut by a finite number of vertical rays each of which is unbounded. If all these vertical cuts start from the images of some turning points and extend to infinity in the same direction, then the canonical domain is called consistent; otherwise, it is called inconsistent. (Such terminologies were introduced by Evgrafov and Fedoryuk [l] , and Wasow [8] .) The purpose of this paper is to find the transition matrix from one fundamental system with known asymptotic expansion on one canonical domain to another such fundamental system on another canonical domain with a common mth order zero x,, for p(x) at the boundary.
Let the (m + 2) Stokes curves at x0 be I1 ,..., I,,, , counting in the counterclockwise direction. For convenience, let Zi be also be denoted by &,,+a . By making a suitable choice of roots, the transformation (2.3) is uniquely defined near x = x,, and takes the curves I, ,..., lm+2 respectively into the (m + 2) rays 77 377 5Tr 2m + 3 wt=m+2, m+2,...,-~. m+2
The function t(x) is holomorphic and univalent in a neighborhood of x = x0 . It maps subregions of the (m + 2) domains bounded between Ik, &+r, (k = l,..., m + 2), holomorphically and univalently to simply-connected regions in the t-plane bounded by the image rays of the corresponding Stokes curves. Furthermore, the image of these regions and Stokes curves in the t-plane consists of the entire plane, except for a finite number of cuts which are analytic curves tending to infinity and starting at the images of turning points other than x0 . However, for the domain of definition of t(x), there may be choices of unbounded domains in the x-plane, bounded by curves starting at turning points other than x0 and along which Re t(x) = constant. After making a particular choice of (m + 2) open regions: D, between Ire , Zk+r , for k = l,..., m + 2, together with the curves lr ,..., I,,, in the x-plane for the domain of t(x), the inverse function x(t) would be holomorphic and univalent on the entire t-plane, except on the cuts. In matrix form Eq. since (dt/dx)-2p(x) = t*. The coefficient matrix in (2.6) has a simplier leading part than in (2.4). Let q(t) = (dx/dt)'12 be an arbitrary but fixed root, holomorphic for t in the image t(x) of the domain formed by our chosen regions D, , k = l,..., m + 2 together with the curves 1, , k = l,..., m + 2. From now, on, let us employ the following fixed conventions, unless otherwise stated:
'rn$-for all t in t(Q) (2.7) closure k = I,..., m + 2, and arg P = 01 arg t, (2.8)
whenever we take roots in the t-plane. To avoid confusion, denote &, = * [t(x)]'"+""", (2.9) which is a fixed choice of f(x), by convention (2.8). For each k = l,..., m + 1, the domain [(D, u &+I u D,,,) is the whole complex plane except for a finite number of vertical cuts. From &Ok U Z,,, u D,+l) delete circular neighborhoods of radius 6, about the endpoints of the cuts. Starting on the boundary of each neighborhood draw two vertical half-lines tangent to it, tending to infinite in the direction of the cut. Delete these open half-strips of width 26, , attached on the deleted neighborhoods. Let Q.6", be the resulting set after all these neighborhoods and half-strips containing the cuts are deleted. Denote the preimage of QiO in the x-plane by Szs", . Note that 6, is an arbitrary small positive constant. OT us x -+ CO in sZtO with Re g(x) + -cc for 4,+(x, E), or as x + CC in S2t0 with Re c(x) -+ +CO for zi,-(x, c).
In a more precise sense, (2.11) means that for each k = l,..., m + 1, , and z+-is subdominant in Dkil (or Dk). For each odd k, we put (uk+, z+-) in the first row and (E(du,+/dt), c(du,+/dt)) in the second row to form a fundamental matrix solution for (2.6). For each even k, we put (uk-, us+) in the first row and (c(du,-/dt), c(dzrk+/dt)) in the second row. Expressing everything as functions of t, we obtain (m + 1) fundamental matrix solutions for (2.6) of the form
for t E t(.Ci$), 0 < E < ~~(a,), for the corresponding k. The matrix P,F(t, 6) has the properties
in the sense that for 0 < E < ck(SO), t E t(f$) when K is even, uniformly for 0 < E < ~~(6~). In case D, u Zkfl u Dk+l is a consistent canonical domain, then we have Y,"(t, l ) expressible in the form (2.14), where the matrix YkF(t, l ) has an asymptotic expansion of the form (2.15) in the sense that for E > 0 sufficiently small, t E t(Dk u Zk+l u D,,,), , Here, the c&V, 6) are constants and Y,,(t) are holomorphic in t(Dle u &+I u D,,,).
We shall now find the connections between the fundamental matrix solutions YhF, K = 1 ,a**, m + 1 by first finding their relationship with solutions having known properties in a full neighborhood of the turning point t = 0. Such connection techniques was used by Wasow [8] and Leung [6] . To find solutions with known properties in a neighborhood of the turning point, results of Hsieh and Sibuya [4] , and Sibuya [7] will be utilized.
UNIFORM SIMPLIFICATION IN A FULL NEIGHBORHOOD OF THE TURNING POINT
We will transform Equation (2.6) into a equation whose solutions will be expressed in terms of special functions in Section 4. The transformation will be performed in a full neighborhood of t = 0, overlapping the regions 'n& for each K = I,..., (m + l), provided 6, > 0 is small enough. LEMMA 3.1. There exists a holomorphic transformation in a neighborhood of zero in the t-plane Y * = P(t, E) Z where P(t, l ) has a uniform asymptotic expansion for 1 t 1 < t, , t, su#iciently small, that takes dagerential equation (2.6) into the form where pj(c), j = I,..., (m -2) are analytic functions of E for E > 0 su.ciently small and 
SOLUTIONS AROUND THE TURNING POINT, IN TERMS OF SPECIAL FUNCTIONS
Next, we proceed to investigate the solutions of (3.1) in terms of solutions to a particular class of ordinary differential equations with polynomial coefficients, studied by Hsieh and Sibuya [4] . The first element of the vector Z satisfies the equation in the sense that solutions x(t, C) of (4.1) can be related to solutions ~(7, l ) of uniformly for 8, < / t 1 < to , in any corresponding closed subsector of ] arg t -(2kr)/(m + 2)1 < 37Fl(m + 2). Here 8, is any arbitrary positive constant less than t, . We have such a convenient exponential factor because all except the first term of Em(orktc-2~(m+2), G"(u(E))) in (4.9) are of the order O(E) for 1 t 1 < t, , which can be easily shown using (4.5) and (4.10). Furthermore, the functions @Ymk satisfy the connection formulas ~m,k(tc-21(m+2), U(c)) = C(G"(a(c))) ~~,k+&r-2'(m+2', U(C)) + e(G"(u(c))) ~&&&~-2"m+2', U(C)) (4.12) 1 < k < m, for 1 t j < t, , where C(G*(u(c))) = ;; 1; + O(,4/(m+z)), C(G"(a(c)) = --w + O(E~-~)) (4.13)
as E + 0+ (refer to [7, p. 5&54] ).
We are now ready to investigate fundamental matrix solutions of (3.1) for S, < / t 1 < t, . Let
For 6 -() < j t 1 -I t, , t in any closed subsector of (4.14)
we have the following formula for Zk(t, E), k = I,..., (m + 1): as E 4 Of, k = l,..., m. Note that the union of regions of validity for formulas (4.15), k = l,..., (m + l), covers an annulus around t = 0 except for one ray arg t = n/(m + 2).
LATERAL CONNECTION FORMULAS FOR FUNDAMENTAL SYSTEMS WITH ASYMPTOTIC SERIES IN DIFFERENT UNBOUNDED DOMAINS
For each k = l,..., m + 1, consider the region:
It will have nonempty intersection with t(Q,"J if 6, is reduced to sufficiently small. We have asymptotic formulas for two fundamental systems YkF(t, E) and P(t, l ) Z,(t, 6) of (2.6) in the intersection region, analyzed respectively from (2.14) to (2.16) and from (4.14) to (4.16). Furthermore, Eq. (4.17) leads to formula for P(t, C) Z,(t, l ) for 8, < I t I < t, 9
2k + 1 ----* < arg t <3x, m+2 k = l,..., m.
Thus, for each K = l,..., m, relationship between YrcF and YfL+l can be calculated by using PZ, .
LEMMA 5.1 (Central Connections).
YkF(t, E) = (P.&J (t, c) &(E) fork = l,.,., m + 1, / t / < t, ami Yl+,(t, e) = (P-Z,) (t, c) QE) for k = l,..., m, ItIGtt,. PYOOf. C,(e) = .z,WIYkF which can be calculated using formulas (4.15), (3.10) and (2.14) for 2k -1 2k + 3 m-l-2 T < arg t < m+2 =, 8,ep[<to:
ez.p 
CONNECTING ONE FULL CIRCLE AROUND THE TURNING POINT
Let l(x) be defined to be the choice of c(x) for x E Dm+2 U lI u D, U l2 U D, such that f(x) = f(x) for x E Dm+2 (refer to (2.9)), and &x) is the continuation of l(z) to I1 u D, u 1, u D, from Dm+2 across lx . Let !Gc+" = !G$ . In &D,+, u l1 u DI) delete circular neighborhoods of radius 6, and half-itrips of width 26, containing the cuts, as before. Denote the resulting region by fig+s, and its preimage in the x-plane by Qc+". For each k = m + 2 and m + 3, put ukf and E(du,*/dt) on two rows, according to the rules stated above formula (2.14), to form two fundamental matrix solutions for (2. Analogous results of Corollary 5.1 can be obtained.
Remarks.
(1) Both YIF(t, E) and Yi+3(t, c) are fundamental matrix solutions for (2.6) with first column and second column subdominant (2) The formula (5.3) differs from the result of Theorem 2.2 in [6] . This is due to arithmetic error in the formula for zs(t, 6) above (2.27) in [6] , and thus subsequent changes in multiplication should be made there. Such minor corrections in arithmetic will be published and the results in [6] , after correction, has been found to match with our present result in this paper.
